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Using counting arguments we extend previous results concerning the coloring of lines in a 
finite projective plane of order n whose points are n-colored. 
Suppose the points of the finite projective plane PG(2, n) are colored with n 
colors. Kabell [2] showed that at least one line must contain points of at most 
n - 1 colors. Csima [1] strengthened this for planes of odd order by showing that 
at least one line must have three points of the same color. 
In this note, we improve Kabell's result by proving that, for n >13, any 
n-coloring of PG(2, n) must produce at least n lines containing points of at most 
n -  1 colors. In addition, we exhibit a coloring where the lower bound n is 
attained. Observe first that the condition n I> 3 is necessary; indeed, it is easy to 
find 2-colorings of PG(2, 2) for which there is only one monochromatic line. 
Before presenting the theorem, we give two preliminary lemmas. 
Lemma 1. Suppose that m points of  PG(2, n) are colored red, where m <~ n. Then 
at least n lines contain no red points. 
Proof. Consider a red point P; it lies on n + 1 lines. If Q is any of the remaining 
m-  1 red points, Q lies on n lines other than the line PQ. It follows that the 
number of lines containing at least one red point is at most (n + 1) + (m - 1)n = 
mn + 1 <~ n 2 + 1. Hence the number of lines containing no red points is at least 
(n 2+n+l ) - (n  2+l )=n.  [] 
Lemma 2. Suppose that n + 1 points of PG(2, n) are colored red, where the points 
are not coUinear. Then at least n - 1 lines contain no red points. 
Proof. Pick a line L that contains k red points, where 2 ~< k ~< n. Let P be a 
non-red point on L. Since there are n + 1 -  k red points not on L, at most 
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(n + 1 - k) + 1 = n + 2 - k lines through P can contain a red point. Hence at least 
(n + 1) -  (n + 2 -  k )= k -  1 lines through P contain no red points. Repeating 
this observation for each of the n + 1 - k non-red points on L and noting that no 
two lines identified in this way can coincide, we find that the number of lines 
containing no red points is at least (n + 1 - k) (k  - 1). Let f (k )  = (n + 1 - k ) (k  - 
1) = -k  2 + (n + 2)k - (n + 1) and observe that f is a quadratic whose graph opens 
downward. Since f(2) =f(n)  = n - 1, f (k )  I> n - 1 for 2 ~< k <~ n. [] 
Theorem. Let n >13. I f  the points o f  PG(2, n) are colored with n colors, at least n 
lines must contain points o f  at most n - 1 colors. Moreover, this bound is the best 
possible since there exist colorings o f  PG(2, n) where exactly n lines are colored 
with at most n - 1 colors. 
Proof. If there are at most n points of some color, say red, Lemma 1 says there 
are at least n lines containing no red points. Hence we may assume there are at 
least n + 1 points of each color. The n 2 + n + 1 points are thus colored as follows: 
n + 1 points of each of n - 1 colors, n + 2 points of one color. From among the 
n ,  1 (~>2) colors used to color n + 1 points, there must be at least one color, say 
red, where the points are not collinear. 
Suppose there is a line L containing at least three red points. Then not all n 
colors are present on L. Since Lemma 2 gives at least n - 1 lines containing no 
red points, we have a minimum of n lines colored with at most n - 1 colors. 
One case remains: no three of the n + 1 red points are collinear. There are then 
(n ~ 1) = ½n 2 .~. ½n lines containing two red points and n + 1 lines containing one red 
point. Hence the number of lines containing no red points is 
(n 2 + n + 1) - ((½n 2 + ½n) + (n + 1)) = ½n 2 - ½n, 
which is at least n because n >~ 3. 
To finish the proof, we exhibit an n-coloring of PG(2, n) where exactly n lines 
are colored with fewer than n colors. Select a point P and color it any one of the 
n colors. Denote the lines containing P by. L0, L1 , . . . ,  Ln. For i = 1 , . . . ,  n, 
color the remaining n points of L i the same color, using a different color on each 
line. On line L0, color each of the remaining n points a different color. We check 
easily that this coloring scheme gives L : , . . . ,  L ,  as the only lines whose points 
are colored with at most n - 1 colors. [] 
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